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Abstract. The main purpose of this paper is to present the spherical characteriza-
tion of Legendre curves in 3-dimensional quasi-Sasakian pseudo-metric manifolds.
Furthermore, null Legendre curves are also characterized in this class of manifolds.
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1. Introduction
The Legendre curves play a fundamental role in 3-dimensional contact geometry. Let
(M;ϕ, ξ, η, g) be an almost contact metric 3-manifold. Then an integral curve of the
contact distribution ker η = {X ∈ Γ(TM) | η(X) = 0} is known as Legendre curve;
Γ (TM) being the section of tangent bundle TM of M [1, 6]. The authors in [2, 14] have
studied these curves in 3-dimensional Sasakian pseudo-metric manifolds. In the present
study, we will focus on some specific Legendre curves in quasi-Sasakian pseudo-metric
3-manifolds.
From [15], it is known that a regular curve υ : I → E3 in a 3-dimensional Euclidean
space E3 is said to be a spherical curve if and only if
τ(s)
κ(s)
+
(
1
κ(s)
(
1
τ(s)
)′)′
= 0, (1.1)
where curvature κ(s) and torsion τ(s) of υ are non-zero smooth functions on open inter-
val I, and the prime ′ denotes differentiation with respect to arc length parameter s. The
integral representation of Eq. (1.1) is given by
κ(s)−1 = C cos
(∫ s
s0
τ(t) dt
)
+ D sin
(∫ s
s0
τ(t) dt
)
. (1.2)
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In this study, we present spherical characterization of Legendre curves in quasi-Sasakian
pseudo metric 3-manifolds. Moreover, we obtain that null Legendre curves in this class
of manifolds are geodesic.
2. Preliminaries
Let M be a C∞ and paracompact (2n + 1)-manifold, then M is said to be an almost
contact manifold if its structure group GL2n+1R of tangent bundle TM is reducible to
U(n) × {1}. This is equivalent to the existence of (ϕ, ξ, η)-structure satisfying
ϕ2 = −I + η ⊗ ξ, η (ξ) = 1, (2.1)
where ϕ is an endomorphism, ξ is a Reeb vector field, η is a global 1-form such that
η ∧ (dη)n , 0, d being the exterior differential operator and I is the identity of TM.
We call η the contact form. Eq. (2.1) yields ϕξ = 0, η ◦ ϕ = 0 and rank(ϕ) = 2n. A
pseudo-metric g is said to be compatible with (ϕ, ξ, η)-structure if
g (ϕ·, ϕ·) = g(·, ·) − εη(·)η(·), (2.2)
where ε2 = 1 and signature of g is either (2p, 2n−2p+1) or (2p+1, 2n−2p) according
as Reeb vector field is timelike or spacelike respectively. Such (M;ϕ, ξ, η, g) is called an
almost contact pseudo-metric (2n + 1)-manifold. Here, η(X) = εg(X, ξ) and g(ξ, ξ) = ε.
Thus ξ is never lightlike. The fundamental 2-form Φ is defined by Φ(·, ·) = εg(·, ϕ·).
On the direct product manifold M × R :
(
X, ` ddt
)
is an arbitrary tangent vector,
where ` is a smooth function on M × R, t being standard coordinate on R and X ∈
Γ(TM). The almost complex structure J on this direct product is defined by
J
(
X, `
d
dt
)
=
(
ϕX − `ξ, η(X) d
dt
)
.
Then M is said to be normal if and only if J is integrable. Equivalently, M is normal if
and only if
Nϕ(X,Y) + 2dη(X,Y)ξ = 0, (2.3)
where Nϕ denotes the Nijenhuis torsion of endomorphism ϕ which is given as follows:
Nϕ(X,Y) = [ϕX, ϕY] − ϕ[φX,Y] + ϕ2[X,Y] − ϕ[X, ϕY],
for any tangent vectors X, Y on M (cf, [6, 7, 8, 13]).
In this paper, we confine to dimension three. Following [16], we give certain results
relevant to this case. Let M be an almost contact pseudo-metric 3-manifold, then we
receive that
(∇Xϕ)Y = −η(Y)ϕ∇Xξ + εg(ϕ∇Xξ,Y)ξ, X ∈ Γ(TM). (2.4)
Proposition 2.1. In an almost contact pseudo-metric 3-manifold M, we have the fol-
lowing mutually equivalent conditions:
(i) M is normal,
(ii) ∇ϕXξ = ϕ∇Xξ,
(iii) ∇Xξ = −εαϕX + εβ (X − η (X) ξ),
Characterization of Legendre curves in quasi-Sasakian pseudo-metric 3-manifolds 3
where X ∈ Γ(TM), α and β being smooth functions on M for which we have that
2α = trace {X → ϕ∇Xξ} , 2β = trace {X → ∇Xξ} . (2.5)
Using Eq.(2.4) and above proposition, we have
(∇Xϕ)Y = β(g(ϕX,Y)ξ − εη(Y)ϕX) + α(g(X,Y)ξ − εη(Y)X). (2.6)
Let us denote by N3 a normal almost contact pseudo-metric 3-manifold. Analogous to
[9], N3 is called a quasi-Sasakian pseudo-metric 3-manifold (denoted by Q3) if β = 0
and ξ(α) = 0, in particular Sasakian if β = 0 and α = 1. Below, we give an example of
N3.
Example 2.2. Let (x, y, z) be the standard Cartesian coordinates on R3 and consider the
1-form η = 2ydx + dz. We put ξ = ∂3 and consider the endomorphism ϕ defined by
ϕ∂1 = ∂2, ϕ∂2 = 2y∂3 − ∂1, ϕ∂3 = 0, where ∂1 = ∂∂x , ∂2 = ∂∂y and ∂3 = ∂∂z . Then it
follows that η(ξ) = 1 and ϕ2 = −I+ η⊗ ξ. Hence (ϕ, ξ, η) is an almost contact structure
on R3. By straightforward computations,we obtain that
Nϕ(X,Y)
(
∂i, ∂ j
)
+ 2dη
(
∂i, ∂ j
)
ξ = 0, i, j ∈ {1, 2, 3}
which implies that the structure is normal.
Let N3ε := R3 and consider a normal almost contact structure (ϕ, ξ, η) restricted to N3ε .
Next, we consider the metric tensor g = exp(2z)(dx2 + dy2) + εη ⊗ η, with matrix
representation with respect to the standard basis
g[(∂i, ∂ j)] =
4εy
2 + exp(2z) 0 2εy
0 exp(2z) 0
2εy 0 ε
 ,
where ε2 = 1. Using the endomorphism ϕ and the metric g, we obtain g (ϕX, ϕY) =
g(X,Y) − εη(X)η(Y) and η(X) = εg(X, ξ), and hence that (N3ε ;ϕ, ξ, η, g) is a normal al-
most contact pseudo-metric 3-manifold. For the Levi-Civita connection ∇ with respect
to this metric, we have
∇∂1∂1 =2y∂1 − 4εy exp(−2z)∂2 − ε(4εy2 + exp(2z))∂3,
∇∂1∂2 =2εy exp(−2z)∂1 + (−4εy2 + exp(2z)) exp(−2z)∂3 = ∇∂2∂1,
∇∂1∂3 =∂1 − ε exp(−2z)∂2 − 2y∂3 = ∇∂3∂1,
∇∂2∂2 =2y∂1 − ε(4εy2 + exp(2z))∂3,
∇∂2∂3 =ε exp(−2z)∂1 + ∂2 − 2εy exp(−2z)∂3 = ∇∂3∂2,∇∂3∂3 = 0.
Using Eq. (2.6) and the above expressions, we find α = exp(−2z) and β = ε.
3. Legendre curves
Let M be an almost contact pseudo-metric 3-manifold with Levi-Civita connection ∇
and υ : I −→ M a unit speed curve parametrized by the arc-length s in M, I being an
4 K. Srivastava, K. Sood, S. K. Srivastava
open interval, then the Frenet frame (or Frenet 3-frame) {T B υ′, N, B} of υ satisfies
the following Frenet-Serret formulas:
∇T T = κN, ∇T N = −κT + ετB and ∇T B = −τN, (3.1)
where κ = |∇T T | and τ are the geodesic curvature and geodesic torsion of υ, respec-
tively. The vector fields T , B and N are known as the tangent, binormal and principal
normal vector fields of υ, respectively. If ∇υ′υ′ = 0 then υ is said to be a geodesic and
non-geodesic if κ > 0 everywhere on I.
If υ is an integral curve of the contact distribution D = Ker η, equivalently, η(υ′) = 0
then we say that υ is a Legendre curve in M. These curves have been intensively studied
by several authors (see [1, 2, 3, 4, 10, 12, 14]).
3.1. Legendre curves in N3
Let υ : I → N3 be a Legendre curve in N3. Then {υ′, ϕυ′, ξ} is an orthonormal frame
along υ, where g(υ′, υ′) = g(ϕυ′, ϕυ′) = 1 and g(ξ, ξ) = ε. Let us put ∇T T = a1υ′ +
ϑϕυ′ + c1ξ, where a1, ϑ and c1 are some smooth functions on I. Then we find that
a1 = g(∇υ′υ′, υ′) = 0, ϑ = g(∇υ′υ′, ϕυ′) and −εc1 = g(υ′,∇υ′ξ). Employing Eqs. (2.2)
and (2.6), we have g(υ′,∇υ′ξ) = εβ. Thus,
∇T T = −βξ + ϑϕυ′, (3.2)
which yields κ =
√|ϑ2 + εβ2|. If κ > 0 everywhere on I then differentating N = 1
κ
∇T T =
− β
κ
ξ + ϑ
κ
ϕυ′ along υ and using Eqs. (2.6) and (3.2), we obtain that
∇T N = c
κ
(
ϑξ + βϕυ′
) − κυ′, (3.3)
where c = α+ βϑ
′−β′ϑ
β2+ϑ2
. In light of (3.1), we have from Eq. (3.3) that ετB = c
κ
(ϑξ+βϕγ′),
which provides τ = |c|. This leads to the following result which generalize Theorem 1
of [12] to the case of spacelike or timelike Reeb vector field.
Proposition 3.1. Let υ : I −→ N3 be a non-geodesic Legendre curve in N3. Then its
curvature (κ) and torsion (τ) are given by
κ =
√
|ϑ2 + εβ2|, (3.4)
τ =
α +
(
βϑ′ − β′ϑ
κ2
) , (3.5)
where ϑ is a smooth function defined by ϑ = g
(
∇γ′γ′, ϕγ′
)
on I, and α, β being the same
as in (2.5).
Remark 3.2. (a) In N3, the decomposition of Reeb vector field ξ in the Frenet frame
of a non-geodesic Legendre curve is given by
ξ =
√|ϑ2 + εβ2| {−βN + ϑB} . (3.6)
(b) Let υ be a non-geodesic Legendre curve in N3 with ξ is parallel to binormal B.
Then N3 is a quasi-Sasakian pseudo-metric 3-manifold.
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(c) Let υ be a non-geodesic Legendre curve in N3 such that ξ is parallel to prin-
cipal normal N then it has torsion |α|. In particular, the Legendre curves of a
β-Kenmotsu manifold with ξ is spacelike and parallel to N are circles [5].
Example 3.3. If we define a curve υ : I ⊂ R → N3ε by υ(s) = (υ1(s), υ2(s), υ3(s)).
Then υ is a Legendre curve if and only if2υ′1υ2 + υ′3 = 0,υ′21 + υ′22 = exp(−2υ3). (3.7)
It can be easily seen that
υ′ = υ′1∂1 + υ
′
2∂2 − 2υ′1υ2∂3 and ϕυ′ = −υ′2∂1 + υ′1∂2 + 2υ2υ′2∂3.
Below, we present certain Legendre curves in N3ε .
(i) Let us consider a curve
υ1(s) = (1, s, 0)
inN3ε , where s ∈ I ⊆ R is arc length parameter of υ1. Then this curve satisfies Eq.
(3.7), so it is a Legendre curve in N3. For such a curve α(υ(s)) = 1, β(υ(s)) = ε,
ϑ = g (∇υ′υ′, ϕυ′) = −2s,
κ =
√
|1 + 4εs2| and τ =
∣∣∣∣∣1 − 2εκ2
∣∣∣∣∣ .
(ii) Let us consider a curve
υ2(s) = (− ln s, 1/2, ln s)
in N3ε , where s > 0 is arc length parameter of υ2. Then this curve satisfies Eq.
(3.7), so it is a Legendre curve inN3. For such a curve α(υ(s)) = 1/s2, β(υ(s)) = ε,
ϑ = 0,
κ = 1 and τ =
1
s2
.
Further, the spacelike and timelike situations of these Legendre curves are interesting.
The Euclidean pictures of υ1 and υ2 are rendered in Fig. 1 and Fig. 2 respectively.
Let υ : I → N3 be a unit speed curve such that η(υ′) = m, where m is a smooth function
on I. Let us consider the vector fields υ′, ϕυ′ and ξ for which, we have that g(υ′, υ′) = 1,
g(υ′, ξ) = εm, g(ϕυ′, ϕυ′) = 1 − εm2, g(ξ, ξ) = ε and g(υ′, ϕυ′) = g(ξ, ϕυ′) = 0. Then,
υ′, ϕυ′, ξ are linearly independent. Further, {υ′, ϕυ′, ξ} forms a basis of Tυ(s)M3 for any
s ∈ I if and only if 1 − εm2 , 0. In this case, one can define orthonormal frame
{V1,V2,V3} along υ as follows:
V1 = υ′, V2 =
ϕυ′
δ
, V3 =
ξ − εmυ′
δ
(3.8)
where g(V1,V1) = g(V2,V2) = 1, g(V3,V3) = ε and δ =
√|1 − εm2|.
It is important to note that {υ′, ϕυ′, ξ} is linearly dependent if and only if either υ′ = mξ
or υ′ = mξ + εϕυ′. In reality, if these vector fields are linearly dependent then ξ is
spacelike and |m| = 1. In this case, the curve υ is necessarily a geodesic. Therefore, for
the non-geodesic curve υ, we must have that neither ε = 1 nor |m| = 1, that is δ , 0.
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(a) υ1 in N31
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(b) υ1 in N3−1
Figure 1. Legendre curve υ1 in N3ε
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(c) υ2 in N31
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(d) υ2 in N3−1
Figure 2. Legendre curve υ2 in N3ε
The decomposition of characteristic vector field with respect to the frame {V1,V2,V3}
is given by
ξ = ε (mV1 + δV3) . (3.9)
Below we present some preparatory lemmas for later use.
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Lemma 3.4. Let υ : I → N3 be a non-geodesic unit speed curve in N3 such that
η(υ′) = m. Then the covariant derivative of V1,V2,V3 along υ are given by:
∇υ′V1 =δϑ1V2 −
(
βδ − m
′
δ
)
V3, (3.10)
∇υ′V2 = − δϑ1V1 + (α + mϑ1)V3, (3.11)
∇υ′V3 =ε
((
βδ − m
′
δ
)
V1 − (α + mϑ1)V2
)
, (3.12)
where
δ =
√
|1 − εm2| and ϑ1 = 1
δ2
g(∇υ′υ′, ϕυ′). (3.13)
Proof. Let us express ∇υ′V1 = a2V1 + b2V2 + c2V3, where a2, b2, c2 are some smooth
functions on I. Then a2 = g(∇υ′V1,V1) = 0.
Using Eq. (2.6), we find
−b2 = g(V1,∇υ′V2) = 1
δ
g((V1, (∇υ′ϕ)υ′ + ϕ∇υ′υ′)
= −1
δ
g(ϕV1,∇υ′υ′)) = −δϑ1.
Employing Proposition (2.1), we have
−εc2 = g(V1,∇υ′V3) = 1
δ
g(V1,∇υ′ξ − εm′υ′)
=
1
δ
g(V1, εβ(υ′ − mξ) − εm′υ′) = ε
δ
(βδ2 − m′).
In light of above expressions, we obtain that a2 = 0, b2 = δϑ1, c2 = − εδ (βδ2 − m′) and
this leads to Eq. (3.10). Similarly, we compute ∇υ′V2 and ∇υ′V3. 
Lemma 3.5. Let υ : I → N3 be a non-geodesic unit speed curve in N3 such that
η(υ′) = m. Then its curvature and torsion are given by
κ = δ
√∣∣∣∣ϑ21 + ε (β − m′δ2 )2∣∣∣∣,
τ =
∣∣∣∣∣∣∣α + mϑ1 + (βϑ
′
1−β′ϑ1)−2
(
m′ϑ′1
δ2
)
+
(
m′ϑ1
δ2
)′
ϑ21+ε
(
β− m′
δ2
)2
∣∣∣∣∣∣∣ ,
(3.14)
where δ and ϑ1 are the same as in Eq. (3.13).
Proof. Using Eq. (3.10) and computing the length of ∇υ′υ′, we receive the curvature
function κ. By the virtue of Eqs. (3.1) and (3.10), we find
N =
δϑ1
κ
V2 −
(
βδ
κ
− m
′
κδ
)
V3. (3.15)
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Let us denote a2 = δϑ1 and b2 =
(
βδ − m′
δ
)
. Now, we compute
∇υ′N =
(a2
κ
)′
V2 +
(a2
κ
)
∇υ′V2 −
(
b2
κ
)′
V3 −
(
b2
κ
)
∇υ′V3
=
(
−a2
2
κ
− εb2
2
κ
)
V1 +
(
a2′κ − a2κ′
κ2
+
εb2
κ
(
α +
a2m
δ
))
V2
+
(
−b2
′κ − b2κ′
κ2
+
a2
κ
(
α +
a2m
δ
))
V3
= − κV1 + εb2
κ
(
α +
a2m
δ
+
a2′b2 − a2b2′
κ2
)
V2 +
a2
κ
(
α +
a2m
δ
+
a2′b2 − a2b2′
κ2
)
V3
= − κV1 +
(
α +
a2m
δ
+
a2′b2 − a2b2′
κ2
) (
εb2V2 + a2V3
κ
)
. (3.16)
In light of the Frenet-Serret formulas, we have from Eq. (3.16) that
τ =
∣∣∣∣∣α + a2mδ + a2′b2 − a2b2′κ2
∣∣∣∣∣ .
Using the values of a2 and b2 in the above expression, we find the torsion function of υ
as mentioned in Eq. (3.14). This completes the proof. 
Theorem 3.6. Let υ : I → N3 be a non-geodesic unit speed curve in N3 such that
η(υ′) = m. Then, the decomposition of Reeb vector field ξ in the Frenet frame {T :=
υ′,N, B} of υ is given by
ξ = ε(mT + η(N)N) + η(B)B, (3.17)
where η(N) = (m′ − βδ2)/κ, η(B) = (ε sgn(τ)δ2ϑ1)/κ, δ and ϑ1 are the same as in Eq.
(3.13).
Proof. Let us put ξ = pT + qN + rB, where p, q and r are smooth functions on I. Then
p = g(ξ,T ) = εm, q = g(ξ,N) = εη(N) and r = εg(ξ, B) = η(B). The values of η(N)
and η(B) directly follows from Eqs. (3.1), (3.9), (3.15) and (3.16). This completes the
proof.

In view of Eq. (3.17), we find that η(B)2 + εη(N)2 = δ2. This leads to the following
remark.
Remark 3.7. For a non-geodesic unit speed curve υ in N3 such that η(υ′) = m, we have
δ2 − εη(N)2 ≥ 0.
3.2. Legendre curves in Q3
Let υ be a non-geodesic Legendre curve in a quasi-Sasakian pseudo-metric 3-manifold
Q3. Then by the virtue of proposition 3.1, curvature and torsion of υ are given by
κ = ϑ, τ = |α|, (3.18)
where ϑ = g (∇υ′υ′, ϕυ′) > 0 and α being the same as in (2.5).
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Theorem 3.8. For a non-geodesic unit speed curve υ in Q3 with η(υ′) = m. If τ = |α|
and at one point m = m′ = m′′ = 0, where α is non-zero at every point of M. Then υ is
a Legendre curve.
Proof. For spacelike vector ξ, this is Theorem 3 of [12], so we concentrate on the
timelike situation.
In this class of manifold, we have from Eq. (3.14) that
τ =
∣∣∣∣∣∣∣α + mϑ1 +
((
m′ϑ1
δ2
)′
− 2
(
m′ϑ′1
δ2
)) (
ϑ21 −
m′2
δ4
)−1∣∣∣∣∣∣∣ , (3.19)
where δ =
√
1 + m2 ≥ 1 and ϑ1δ2 = g(∇υ′υ′, ϕυ′). Since m(s0) = m′(s0) = m′′(s0) = 0
at certain s0 ∈ I, therefore τ(s0) = |α(s0)| , 0. Further, ϑ1(s0) , 0 since υ is non-
geodesic. Taking these into consideration and using τ = |α|, Eq. (3.19) yields(
m′′ϑ1 − m′ϑ′1
) − 3mm′δ−2ϑ1 + mδ2ϑ31 = 0. (3.20)
Obviously m = 0 is a solution and m′ = 0 implies that m = 0. Hence we now assume
that m is not constant. Setting t = m′/ϑ1, Eq. (3.20) becomes ddm
(
t2
)
− 6m
δ2
t2 + 2mδ2 = 0.
Integration gives m′2 = (1/3 + Cδ3)δ3ϑ21, where C is constant of integration. Using
initial conditions, we have C = −1/3. Thus m′2 = −(δ3 − 1)δ3ϑ21/3. Since δ ≥ 1 and
ϑ1 , 0, we have m = 0, a contradiction. This completes the proof. 
Example 3.9. Let Q3α := R+ × R2 with standard Cartesian coordinates (x, y, z), η =
−2xdy + dz, ξ = ∂3, ϕ defined by: ϕ∂1 = ∂2 + 2x∂3, ϕ∂2 = −∂1, ϕ∂3 = 0 and metric
tensor g = x2(dx2+dy2)+εη⊗η, where ∂1 = ∂∂x , ∂2 = ∂∂y and ∂3 = ∂∂z . Then (Q3α;ϕ, ξ, η, g)
is a normal almost contact pseudo-metric 3-manifold. For the Levi-Civita connection ∇
with respect to this metric, we find
∇∂1∂1 =
1
x
∂1,∇∂2∂2 = −
(1 + 4ε)
x
∂1,∇∂3∂3 = 0,∇∂2∂3 = ∇∂3∂2 =
ε
x2
∂1,
∇∂1∂2 = ∇∂2∂1 =
(2ε + 1)
x
∂2 + (1 + 4ε)∂3,∇∂1∂3 = ∇∂3∂1 = −
ε
x2
∂2 − 2εx ∂3. (3.21)
In view of Eqs. (2.6) and (3.21), we have α = 1/x2 and β = 0. Thus Q3α is a quasi-
Sasakian 3-manifold.
Using definition of Legendre curve, we find that υ : I → Q3α defined by υ(s) =
(υ1(s), υ2(s), υ3(s)) is a Legendre curve if and only ifυ′3 = 2υ1υ′2,υ′21 + υ′22 = υ−21 . (3.22)
In this case, we have
υ′ = υ′1∂1 + υ
′
2∂2 + 2υ1υ
′
2∂3 and ϕυ
′ = −υ′2∂1 + υ′1∂2 + 2υ1υ′1∂3.
From Eq. (3.22), we have
υ′1 = υ
−1
1 cos φ(s), υ
′
2 = υ
−1
1 sin φ(s), υ
′
3 = 2 sin φ(s),
where φ ∈ C∞(I). Thus, we have the general expression of Legendre curves in Q3α as
follows:
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Proposition 3.10. Let υ : I → Q3α be a non-geodesic Legendre curve, then υ is given
by
υ(s) =
(∫ s
s0
µ−1(t)ζ(t)dt, 2
∫ s
s0
sin φ(s)
)
, (3.23)
where φ being smooth function on I, ζ(s) = (cos φ(s), sin φ(s)) is any parametrization
of circle S1 and µ is a non-zero smooth function defined by µ2(s) = 2
∫ s
s0
cos φ(t)dt.
Theorem 3.11. The curvature and torsion of non-geodesic Legendre curve (3.23) in
Q3α are given by
κ = φ′ +
sin φ
µ2
, τ =
1
µ2
. (3.24)
Proof. Using Eqs. (3.21) and (3.23), we have
∇υ′υ′ =
(
φ′ +
sin φ
µ2
) (
− sin φ
µ
∂1 +
cos φ
µ
∂2 + 2(cos φ)∂3
)
. (3.25)
Employing Frenet formula, the above equation yields κ = φ′+ sin φ
µ2
. If κ > 0 everywhere
on I then differentiating normal vector field N along υ, we get
∇υ′N = −
(
φ′ +
sin φ
µ2
) (
cos φ
µ
∂1 +
sin φ
µ
∂2
)
+
(
cos 2φ
µ2
− 2φ′ sin φ
)
∂3
= −κυ′ + 1
µ2
∂3. (3.26)
By the virtue of (3.1), we have from Eq. (3.26) that ετB = 1
µ2
∂3, which provides τ. This
completes the proof. 
4. Null Legendre curves in Q3
If we consider the Reeb vector field to be timelike, i.e. ε = −1 in Q3 then the signature
of the associated metric (2.2) is (2, 1). In this situation we have lightlike (null) vector
fields in Q3. Here we give characterization of null Legendre curves in Q3.
An arbitrary curve υ : I → Q3 is said to be a null curve if
g(υ′(s), υ′(s)) = 0 and υ′(s) , 0 ∀s ∈ I. (4.1)
The general Frenet frame {T := υ′,U,V} along null curve υ is determined byg(U,U) = 1, g(T,T ) = g(V,V) = 0,g(T,V) = −1, g(T,U) = g(U,V) = 0, (4.2)
where T × U = −T, U × V = −V, V × T = U. This frame is positively oriented if
det(T,U,V) = 1. The frame {T := υ′,U,V} satisfying the following general Frenet
equations:
∇T T = h˜T + κ˜1U, ∇T U = −τ˜1T + κ˜1V and ∇T V = −h˜V − τ˜1U, (4.3)
where h˜, κ˜1 and τ˜1 are smooth functions on I. Furthermore, κ˜1 and τ˜1 are known as
curvature and torsion of null curve υ, respectively. Since frame {T := υ′,U,V} and
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Frenet formulas (4.3) depend on the choice of screen distribution and parametrization
of υ. Therefore, they are not unique in general (for more details see [11]).
Proposition 4.1. Let υ : I → Q3 be a null Legendre curve in Q3. Then υ is a geodesic.
Proof. From Eq. (4.2), we can express
∇υ′υ′ = a3υ′ + b3U, (4.4)
where a3 and b3 are certain smooth functions on I. Using Eqs. (2.6) and (4.4) in the
differentiation of g(ξ, υ′) = 0 along υ, we find that b3g(ξ,U) = 0. For b3 , 0 we obtain
g(ξ,U) = 0. Then Eq. (4.2) clearly indicates that ξ = a4υ′ + b4V along υ for some
smooth functions a4 and b4 on I. Now using above expression of ξ and Eq. (4.2), we
get g(ξ, ξ) = −2a4b4 = −1 which is not possible due to the fact that g(ξ, υ′) = −b4 = 0.
Hence, we must have b3 = 0 and therefore (4.4) gives ∇υ′υ′ = a3υ′, this implies that υ
is a geodesic after a reparametrization. This completes the proof. 
Below we give the spherical characterization of Legendre curve in a quasi-Sasakian
pseudo-metric 3-manifold Q3.
5. Spherical Legendre curves in Q3
Let Q3 be a quasi-Sasakian pseudo-metric 3-manifold for which α , 0. Then the sphere
S2± in Q3 is defined by S2± := S2◦ ∪ H2◦, where
S2◦ = {P ∈ M3 | g(P, P) = r2}
and
H2◦ = {P ∈ M3 | g(P, P) = −r2}.
Proposition 5.1. Let υ : I → Q3 be a non-geodesic Legendre curve in Q3 such that
α , 0. Then the center of osculating sphere of υ at the point υ(s) is given by
c(s) = υ(s) +
1
ϑ
N − ϑ
′
ϑ2|α|B. (5.1)
Proof. Let us consider the sphere S2± passing through four neighbouring points of the
Legendre curve υ. Let c(s) be the center of sphere and r be its radius. Then the function
γ : I → R defined by
γ(s) = g(c(s) − υ(s), c(s) − υ(s)) ∓ r2
satisfies the following conditions:
γ(s) = γ′(s) = γ′′(s) = γ′′′(s) = 0.
In light of Eqs. (3.1) and (3.18), the above equation leads to the following relations:
g(c(s) − υ(s), c(s) − υ(s)) = ±r2,
g(c(s) − υ(s),T ) = 0,
g(c(s) − υ(s),N) = 1
ϑ
,
g(c(s) − υ(s), B) = − εϑ′
ϑ2 |α| .
(5.2)
Since c(s) − υ(s) ∈ Span{T,N, B}. Therefore, in view of Eq. (5.2), we obtain (5.1). 
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Let the sphere S2± in Q3 be centered at origin and Legendre curve υ lie on it. Then
in view of above proposition, osculating sphere of υ is S2±, ∀s ∈ I.
Proposition 5.2. Let υ : I → Q3 be a non-geodesic Legendre curve in Q3 such
that α , 0. Let ϑ(s) be non-constant if Reeb vector field ξ is spacelike and ϑ(s) ,
ϑ(s0) exp
(
± ∫ ss0 |α(t)|dt) if ξ is timelike. Then the radius of S2± is constant, ∀s ∈ I if and
only if the centers of osculating spheres are the same constants.
Proof. Let us assume that the radius of osculating sphere is constant. Then from Eq.
(5.1), we find (
1
ϑ
)2
+ ε
(
ϑ′
ϑ2|α|
)2
= ±r2. (5.3)
Differentiating above expression along υ, we have
εϑ′
ϑ2|α|
{(
ϑ′
ϑ2|α|
)′
− ε|α|
ϑ
}
= 0.
Consequently, if ϑ′ , 0 then we get(
ϑ′
ϑ2|α|
)′
− ε|α|
ϑ
= 0. (5.4)
Further, differentiation of (5.1) along υ gives
∇υ′c(s) =
{(
ϑ′
ϑ2|α|
)′
− ε|α|
ϑ
}
B. (5.5)
In view of Eqs.(5.4) and (5.5), we find that c(s) = constant for all s ∈ I.
Conversely, let ∇υ′c(s) = 0 ∀s ∈ I then using (5.5) we obtain(
ϑ′
ϑ2|α|
)′
− ε|α|
ϑ
= 0. (5.6)
Now differentiating (5.3) along υ, we have
εϑ′
ϑ2|α|
{(
ϑ′
ϑ2|α|
)′
− ε|α|
ϑ
}
= ±r(s) (∇υ′r(s)) .
Employing (5.6) in the above equation, we get
r(s) (∇υ′r(s)) = 0
which implies that r(s) = constant for all s ∈ I. This completes the proof. 
By the consequences of Propositions (5.1) and (5.2), we have the following result:
Theorem 5.3. Let υ : I → Q3 be a non-geodesic Legendre curve in Q3 such that α , 0.
Suppose ϑ(s) is non-constant if ξ is spacelike and ϑ(s) , ϑ(s0) exp
(
± ∫ ss0 |α(t)|dt) if ξ is
timelike. Then the following statements are mutually equivalent:
(a) υ ⊂ Q3 is a spherical curve.
(b) the centers of osculating spheres ∀s ∈ I at the point υ(s) are the same constants.
(c)
(
ϑ′
ϑ2 |α|
)′ − ε|α|
ϑ
= 0.
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5.1. Integration of Eq. (5.4)
Eq. (5.4) can be rewritten as ((
1
ϑ
)′ 1
|α|
)′
+ ε
(
1
ϑ
)
|α| = 0. (5.7)
If we consider 1|α| = x(s) and
1
ϑ
= y(s), then above equation takes the form(
x(s)y′(s)
)′
+ ε
(
y(s)
x(s)
)
= 0. (5.8)
Changing the variable in above expression by substituting
∫ s
s0
1
x(t) dt = z(s), then we have
1
x(s)
d2y
dz2
=
(
x(s)y′(s)
)′ . (5.9)
From Eqs. (5.8) and (5.9), we find
d2y
dz2
+ εy = 0. (5.10)
If ξ is spacelike then general solution of differential equation (5.10) is given by
y(s) = A1 cos
(∫ s
s0
|α(t)|dt
)
+ A2 sin
(∫ s
s0
|α(t)|dt
)
. (5.11)
If ξ is timelike then general solution of (5.10) is given by
y(s) = B1 cosh
(∫ s
s0
|α(t)|dt
)
+ B2 sinh
(∫ s
s0
|α(t)|dt
)
. (5.12)
Since ϑ(s) , ϑ(s0) exp
(
± ∫ ss0 |α(t)|dt), therefore we find that B1 , ±B2.
Remark 5.4. In light of Eqs. (5.11) and (5.12), it can be seen that Legendre curve given
by (3.23) in Q3α is not spherical.
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